We show that the L ∞ -norm of the contact Hamiltonian induces a non-degenerate right-invariant metric on the group of contactomorphisms of any closed contact manifold. This contact Hofer metric is not left-invariant, but rather depends naturally on the choice of a contact form α, whence its restriction to the subgroup of α-strict contactomorphisms is bi-invariant. The non-degeneracy of this metric follows from an analogue of the energy-capacity inequality. We show furthermore that this metric has infinite diameter in a number of cases by investigating its relations to previously defined metrics on the group of contact diffeomorphisms. We study its relation to Hofer's metric on the group of Hamiltonian diffeomorphisms, in the case of prequantization spaces. We further consider the distance in this metric to the Reeb one-parameter subgroup, which yields an intrinsic formulation of a small-energy case of Sandon's conjecture on the translated points of a contactomorphism. We prove this Chekanov-type statement for contact manifolds admitting a strong exact filling.
1 Introduction and main results
Introduction
Since the advent of the conjugation-invariant Hofer norm [14, 16] on the group of compactly supported Hamiltonian diffeomorphisms of any symplectic manifold, there has been a certain interest in investigating possible analogues of this norm in contact topology. The first fundamental difference between the Hamiltonian and the contact settings is the finding of Burago-Ivanov-Polterovich [8] that classical groups of diffeomorphisms that have a conformal freedom, the full group of diffeomorphisms and the contactomorphism group, do not to admit fine conjugation-invariant norms -that is norms whose image in R ≥0 has 0 as an accumulation point (see [12] for the case of the contactomorphism group). Hence, all such norms must be discrete: there must exist a constant c > 0, such that the norm of every diffeomorphism other that the identity transformation exceeds c. And indeed a number of conjugation-invariant non-degenerate norms with values in Z on groups of contactomorphisms of certain contact manifolds were discovered in [23, 30, 12, 11] and certain other discrete norms are easily contructed from homogenous quasi-morphisms on contactomorphism groups found in [13, 7] .
In a different line of research, one notes that constructions similar to the Hofer metric using contact Hamiltonians tend to yield fine pseudo-norms on contactomorphism groups. In particular, a conjugation-invariant pseudo-norm was introduced on the group of strict contactomorphisms of any closed contact manifold equipped with a global contact form in [5] and its non-degeneracy was shown for a certain class of contact manifolds. This non-degeneracy result was improved in [18] to hold for all closed contact manifolds. By the observation of [8, 12] , this norm cannot extend to a conjugation-invariant norm on the full contactomorphism group. While that is indeed so, the goal of this paper is to show that for all closed contact manifolds, the norm of [5, 18] is bounded from below by another conjugation-invariant norm that extends to a non-degenerate fine norm on the full group of contactomorphisms, albeit without the property of conjugation-invariance.
The topology induced by this contact Hofer norm, and indeed the equivalence class of the metric it defines, turns out to be independent of the choice of a global contact form, and to admit a number of interesting closed subsets. Moreover, we show that the contact Hofer norm is related to a natural intersection problem for contactomorphisms -that of translated points of S. Sandon [24, 25] . In particular we show how it gives an intrinsic Chekanov-type statement for the existence translated points (cf. [10, 1, 4, 2] ).
We further show how the contact Hofer norm is related to certain previously introduced discrete bi-invariant norms on contactomorphism groups [23, 30, 12, 13, 7] and to the Hofer norm on the group of Hamiltonian diffeomorphisms.
Main results
Given a connected co-oriented contact manifold 1 (N, ξ), that we will assume to be closed unless stated otherwise, with a globally defined contact form α with ξ = ker α we define a contactomorphism to be a diffeomorphism ψ ∈ Diff(N) satisfying ψ * ξ = ξ and preserving the co-orientation of ξ. This is equivalent to the existence of a positive function λ ψ = e g ψ , g ψ ∈ C ∞ (N, R) such that ψ * α = λ ψ · α. We consider the group
of contactomorphisms isotopic to the identity contactomorphism 1.
Recall that G is naturally isomorphic to the group of R >0 -equivariant Hamiltonian diffeomorphisms of the (positive) symplectization SN of N, which is abstractly defined as the subspace SN = {(p, q)| p| ξ = 0, p > 0 q } ⊂ T * N, of the non-zero covectors vanishing on ξ, that are positive with respect to the coorientation of ξ, endowed with the restriction of the canonical symplectic form ω can = dλ can on T * N. Given a choice α of a global contact form for (N, ξ) the symplectization is R >0 -equivariantly symplectomorphic to N ×R >0 with the symplectic form ω = d(r α), where α denotes the lift of α by the projection to the first co-ordinate and r denotes the coordinate function coinciding with the inclusion R >0 ֒→ R. In this isomorphism, the graph of α, which is a subset of SN corresponds to the hypersurface N 1 := N × {1} ⊂ N × R >0 . Given a contactomorphism ψ ∈ G, its natural lift ψ to SN is simply the restriction to SN of its canonical lift to T * N. In the splitting SN ∼ = N × R >0 given by a global contact form α, this lift takes the form ψ(x, r) = (ψ(x),
). For later use we note that the differential D(ψ)(x, 1) of ψ at (x, 1) is
Note that with respect to the natural R >0 action on SN, for an interval I = (a, b) ⊂ R >0 we have the equality of subsets I · N 1 = {r · x | r ∈ I, x ∈ N 1 } = N × I with respect to the splitting SN ∼ = N × R >0 .
For an isotopy {ψ
is by definition the restriction of the corresponding R >0 -homogenous Hamiltonian of degree 1 on SN to N 1 . In other words, for time t ∈ [0, 1] the contact Hamiltonian H t (−) = H(t, −) at time t satisfies
is the time-dependent vector field generating {ψ t }.
The one-parameter subgroup R = R α of G defined by the flow of the autonomous degree-1-homogenous Hamiltonian H ≡ r on SN ∼ = N × R >0 is called the Reeb flow of α, and the vector field R = R α on N generating it is uniquely defined by the conditions α(R) = 1, ι R dα = 0. Hence the natural homomorphism R → R is given by t → φ t R . Following S. Sandon [24, 25] , we call a point x ∈ N a translated point of a contactomorphism ψ if ψ(x) = φ η R (x) for some η ∈ R, and (ψ * α) x = α x (that is λ ψ (x) = e g ψ (x) = 1), or alternatively (see [24, 25] ) x is a leaf-wise intersection point of the lift ψ of ψ to SN, relative to the hypersurface N 1 ⊂ SN. In this instance we call (x, η) an algebraic translated point of ψ and note that for a given translated point x, there may be many algebraic translated points covering it (i.e. with first term x) [1, 4] . We remark that for any ψ ∈ R, the set of translated points consists of the whole manifold N. Definition 1. We call an algebraic translated point (x, η) of ψ non-degenerate if the differential
R ψ at x does not have an eigenvector with eigenvalue 1 that lies in the kernel of dλ(x). In other words
We say that a contactomorphism ψ ∈ G is non-degenerate if all its algebraic translated points are non-degenerate.
We shall see that this condition is the restriction of the non-degeneracy condition of Albers-Frauenfelder to the class of degree 1 homogenous Hamiltonians on SN.
Lemma 2. The contactomorphism ψ is non-degenerate if and only if the corresponding Rabinowitz-Floer functional in the symplectization SN of N is Morse.
Hence, whenever ψ ∈ G is non-degenerate, the algebraic translated points (x, η) ∈ N ×R are isolated, and hence countably many. By an argument of Albers-Frauenfelder [1] that was brought to the contact setting by Albers-Merry [4] , non-degenerate contactomorphisms are generic.
Lemma 3. The set of contact Hamiltonians generating non-degenerate contactomorphisms is of the second Baire category inside
Given a global contact form α for ξ, we denote by ρ(α) the minimal period of a periodic Reeb orbit of α.
Recall that for a function
Definition 4. Given a global contact form α, we define for a contactomorphism ψ ∈ G and for an element ψ ∈ G in the universal cover of G, their Hofer energy |ψ| α and | ψ| α as
where the infimum runs over all isotopies {ψ t } with ψ 1 = ψ in the first case and all isotopies in class ψ in the second case. Clearly, if we denote by π : G → G the canonical projection homomorphism, we have
The first main result of this paper is the non-degeneracy of this Hofer-type functional. We observe certain other properties of this functional, showing that it is a norm on the group G. Note that this norm is not conjugation-invariant, but instead satisfies an equivariance property which is simply a statement of its naturality with respect to coordinate change. We remark that in the course of preparation of this paper it came to the attention of the author that this functional was previously defined by Rybicki [21, 22] , and Properties (ii), (iii), (iv) other than the non-degeneracy were already observed by him.
Theorem A. The Hofer energy functional |ψ| α satisfies the following properties. Denote by φ, ψ ∈ G two arbitrary elements.
(i) (non-degeneracy) If ψ = 1, then |ψ| α > 0, and |1| α = 0.
(ii) (triangle inequality) |φψ| α ≤ |φ| α + |ψ| α .
(iii) (symmetry) |ψ
Remark 5. We remark that these properties imply that | · | α descends to a conjugationinvariant norm on the subgroup H = H α = Cont 0 (N, α) of strict contactomprhisms of the contact form α. This conjugation-invariant norm gives a lower bound for the conjugation-invariant norm | · | str,α on H induced by the restriction of the Finsler metric defining | · | α to H, that is -we take only paths in H in Definition 4. Hence | · | str,α is also a non-degenerate conjugation-invariant norm on H α . The inequality
, shows immediately that |φ| str,α ≤ |φ| BD , where | · | BD is the conjugation-invariant norm of Banyaga-Donato [5] on H, that was reinterpreted and shown to be non-degenerate for all closed contact manifolds by Müller-Spaeth in [18] .
Moreover for φ, ψ ∈ G the distance function (metric)
is invariant with respect to the action of G on the right, and the action of H on the left.
Remark 6. Note that | · | str,α on H α is always unbounded. Indeed, the Calabi-Weinstein invariant cw : H α → R (cf. [28] ) defined as
n for any path {φ t H } of strict contactormorphisms in a fixed class in H α , satisfies
for all κ ∈ R, while |cw( φ)| ≤ | φ| str,α for all φ ∈ H α .
As a metric, d α defines a topology on G. The following lemma states that the equivalence class of the metric d α , and consequently this topology, does not depend on the choice α of a global contact form compatible with the co-orientation of ξ. Note that any two α, α ′ such global contact forms differ by a positive smooth function f ∈ C ∞ (M, R >0 ) :
and therefore the metrics d α , d α ′ are equivalent. Note that for λ ∈ R >0 we have c(λ · A) = c(A).
Proposition 8.
If the lift ψ of ψ to SN displaces a compact subset A ⊂ SN, then Proposition 11. Assume a sequence {ψ i ∈ G} i∈Z >0 of contactomorphisms, a contactomorphism ψ ∈ G and a map φ : N → N satisfy
For a subset D ⊂ N, define its contact α-capacity as
the supremum running over all compact subsets
Then Proposition 8 immediately implies the following α-dependent energy-capacity inequality on N.
Remark 13. It is straightforward to show that in case when N is closed the contact α-capacity c α (and hence c α ) is universally bounded. Indeed comparing the Gromov radius c with volume we have for any compact subset A ⊂ SN the estimate
where v 2n is the volume of the unit ball B ⊂ R 2n . In the non-compact setting this universal bound disappears, being replaced by
where π : SN → N is the natural projection.
Remark 13 bring us to the following interesting question.
Question 14. For which contact manifolds with a global contact form (N, ξ, α) the norm | · | α is unbounded, that is sup
A possible example of such a manifold is a standard prequantization space (P 1 , α 1 ) of the two-torus (T 2 , ω std ) [15] . For more partial results on this question see Proposition 29. Put ξ 1 = Ker α 1 for the contact structure on P 1 . We remark that the homotopy type of Cont 0 (P 1 , ξ 1 ) has not yet been computed, however it is natural to expect the following.
Conjecture 15. The monomorphism S
1 ֒→ Cont 0 (P 1 , ξ 1 ) given by the periodic Reeb flow is a homotopy equivalence.
This conjecture is supported in part by the fact that as Ham(T 2 , ω std ) is contractible (see [20, Section 7.2 .B]), for the group of strict contactomorphisms of (P 1 , α 1 ), this statement holds true, since the natural exact sequence
where S 1 corresponds to the Reeb flow is in fact a locally trivial circle bundle (see e.g. [9] ).
given by the periodic Reeb flow is a homotopy equivalence.
be an autonomous normalized Hamiltonian with the non-contractible closed curve {0} × S 1 in T 2 as a component of a regular level set. Consider the lift {ψ t = ψ t H } to P 1 of the Hamiltonian flow of H, and also the class
and assuming Conjecture 15,
for a constant const > 0.
Similarly to the non-degeneracy of the contact Hofer metric, we deduce from Proposition 8 the following basic topological property of H in the topology defined by the distance function d α .
In other words, H α is closed in the topology defined by d α .
This proposition establishes the lower bound
raising the following question.
Question 19. For which contact manifolds (N, ξ) with a global contact form α there are contactomorphisms ψ ∈ G that are arbitrarily d α -far from H α , or in other words, when
This question, for a different metric [30] 
where B is a closed connected manifold of positive dimension, was asked by F. Zapolsky [29] .
Next we turn to a different functional on the group G and on its universal cover G, coming from a different way to express the Hofer norm in the usual Hamiltonian setting.
Definition 20. Given a global contact form α, we define for a contactomorphism ψ ∈ G and for an element ψ ∈ G in the universal cover of G, their oscillation Hofer energy |ψ| osc α and | ψ| osc α as inf
and the infimum runs over all isotopies {ψ t } with ψ 1 = ψ in the first case and all isotopies in class ψ in the second case.
It is curious that while this oscillation energy functional does not turn out to be equivalent to the L ∞ energy functional like in the Hamiltonian case, it does, in contrast to the Hamiltonian case, turn out to have a closed form expression in terms of the L ∞ energy.
This proposition has the following corollary. Remark 24. It is immediate that those contact manifolds with a global contact form for which the Reeb flow is periodic, for example prequantization spaces, satisfy this property. Moreover, by Proposition 18, we see that R ⊂ H, edging closer to an answer to this question. Indeed by an argument of Müller-Spaeth [19] and Casals-Spacil [9] , whenever the Reeb flow {φ t R } of α has a dense orbit, we have H = R, implying R = R. Thus it would be interesting to either prove that R α is closed for general contact manifolds, or to provide a counterexample.
In [24, 25] Sandon introduced the notion of a translated point of a contactomorphism ψ ∈ G and observed that the number of translated points of a C 1 -small (i.e. C 1 -close to the identity transformation) contactomorphism ψ is at least the minimal number of critical points of a function on N and for generic such ψ, it is at least the minimal number of critical points of a Morse function on N. Consequently she conjectured the same conclusion to hold for all ψ ∈ G. Here we study the following weak homological version of Sandon's conjecture.
Conjecture 25. Every contactomorphism ψ ∈ G has a translated point, and generic ψ ∈ G have at least dim H * (N, Z/(2)) translated points.
The Sandon conjecture or its homological version has been shown to hold in a number of cases in [24, 25, 4, 2] . We remark that the genericity assumption, similarly to the case of the Arnol'd conjecture on Hamiltonian diffeomorphisms, should correspond to a nondegeneracy condition on the diffeomorphism ψ, for which our notion from Definition 1 is a candidate.
Proposition 21 suggests that if the oscillation energy of ψ is small enough, then it should have translated points. To this end we have the following definition and theorem.
Definition 26. We say that ψ ∈ G has small oscillation energy if
Theorem B. Assume that (N, ξ) admits a strong exact symplectic filling (M, τ = dβ), with α = β| N a global contact form for (N, ξ). Then every contactomorphism ψ of small oscillation energy has at least one translated point, and if in addition ψ is nondegenerate, then it must have at least dim H * (N, Z/(2)) translated points.
Theorem B is an analogue of, and indeed follows from the Chekanov-type theorems [1, Theorem A, Theorem B] of Albers-Frauenfelder for the case of leafwise intersection points of Hamiltonian flows in an exact symplectic manifold (W, dβ) relative to bounding hypersurfaces Σ of restricted contact type (α = β| Σ is a contact form). A point x ∈ Σ is a leafwise intersection for φ ∈ Ham c (W, dβ) relative to Σ if φ(x) ∈ Σ and moreover φ(x) lies in the same leaf as x of the characteristic foliation ker(dβ| Σ ), that is -on the same orbit as x of the Reeb flow of α.
Theorem C (Albers-Frauenfelder [1] ). If φ ∈ Ham c (W, dβ) has Hofer norm |φ| Hof er < ρ(α), then φ has a leafwise intersection point relative to Σ, and generic such φ have at least dim H * (Σ, Z/(2)) leafwise intersection points.
The paper [1] was used by Albers-Merry in [4] to prove results on translated points of contactomorphisms of contact manifolds with a strong exact filling. Techniques like Lemma 36 allow us to improve their estimates on the Hofer energy and prove a sharper Chekanov-type theorem in this setting. We also note that when ρ(α) = +∞, namely there are no closed Reeb orbits, it was shown in [2] that Conjecture 25 holds without the requirement on the existence of a symplectic filling. This result of Albers-FuchsMerry and Theorem B constitute reasonable evidence towards the following conjecture, removing the assumption on the existence of a strong exact symplectic filling.
Conjecture 27. Every contactomorphism ψ of small oscillation energy has at least one translated point, and if in addition ψ is non-degenerate, then it must have at least dim H * (N, Z/(2)) translated points.
The methods of [2] seem to give a version of this conjecture (cf. Albers-Hein [3] ) which is weaker in terms of assumptions. Additionally, following [3] , one expects a cuplength estimate instead of the estimate 1 in the degenerate case, strengthening the conclusion.
We proceed by studying the relationship of the contact Hofer norm with a number of conjugation invariant norms on the group G and G. The norms that were constructed on the group G are the norm ν S of Sandon [23] on G = Cont 0,c (R 2n ×S 1 ) and ν Z of Zapolsky [30] on G = Cont 0,c (T * B × S 1 ) for a closed connected manifold B of positive dimension (remark, we take ν Z = ρ sup in the notations of [30] ). The norms that were constructed on the group G are ν CS by Colin-Sandon [11] for any contact manifold and ν F P R by Fraser-Polterovich-Rosen [12] for orderable contact manifolds whose Reeb flow generates a circle action (note: we only consider the subgroup G = G c of G e in the notation of [12] ). Moreover, the quasimorphisms µ G of Givental [13] on G for G = Cont 0 (RP 2n−1 , ξ std ) and µ BZ of Borman-Zapolsky [7] on G for certain toric contact manifolds give norms ν G , ν BZ on G defined by ν G = |µ G |+D(µ G ) and ν BZ = |µ BZ |+D(µ BZ ) on G \ 1, where D(µ) ≥ 0 denotes the defect of the quasimorphism µ, and ν G ( 1) = 0, ν BZ ( 1) = 0. It turns out that | · | α provides a sort of universal upper bound for most of these metrics, and is therefore unbounded whenever these metrics are unbounded. We list these estimates below, the proofs of which are either straightforward computations or are contained in existing work and hence are mostly omitted. However we note the following bound which facilitates these computations.
Lemma 28. For φ ∈ G and φ ∈ G the numbers ⌈|φ| α ⌉ and ⌈| φ| α ⌉ are bounded from below by min(max{|⌈ Lemma 28 is a consequence of the inequality
which follows by straightforward case-by-case analysis, and the semi-continuity properties of the ceiling function ⌈·⌉.
Proposition 29. For all φ ∈ G, φ ∈ G, we have the estimates
where λ is the contact form in the notation of [12] ,
Hence | · | α is unbounded whenever any one of the norms ν S , ν Z , ν F P R , ν G , ν BZ is unbounded.
Item (ii) is simply the upper bound on ρ sup (φ) from [30, Proof of Theorem 1.3], and item (i) follows by tracing the identifications of contact manifolds in [23] from the same upper bound and a comparison between ρ osc and ρ sup in the notations of [30] . Item (iii) follows by the identities
in the notations of [12] and Lemma 28 by straightforward case-by-case analysis. Items Hence ν F P R ( φ) ≤ 2, and similar statements hold for the other norms ν S , ν Z , ν G , ν BZ .
Proof. Let Y (t, x) be a contact vector field generating φ such that Y (t, x) = 0 outside a compact A ⊂ U. Choose K > 0, and let ψ be such that λ ψ ≤ e −K on A. 
Taking infima now shows that
for all K > 0. This finishes the proof of the first statement. The second statment is now an immediate corollary of Proposition 29 and the conjugation-invariance of the norm ν F P R .
Considering conjugacy classes of elements in G leads one to the following question.
Question 31. For which contact manifolds (N, ξ) with contact form α the value
Note that whenever this finiteness condition holds, |·| conj,α gives a conjugation-invariant non-degenerate norm on G. Clearly there is an analogous definition for G. An example of φ with |φ| conj,α = +∞ would have to involve a sequence {ψ j } of contactomorphisms such that max λ ψ j → ∞ and |ψ j | α → ∞ as j → ∞, and hence a partial answer to Question 14. In particular whenever | · | α is bounded, we obtain a bounded conjugation-invariant norm on G. Let (P, α) be a prequantization space of the symplectic manifold (M, ω). That is dα = ω, for the lift ω = p * ω of ω to P by the fibration map p : P → M. 
Moreover the pullback map p * : 
By Proposition 8 and Remark 24 it is seen that these norms are non-degenerate. Moreover, by arguments resembling the proof of Proposition 21, which we omit, one sees that
and that
This leads one to the following questions.
Question 32. Is ν 1 equivalent to the Hofer norm? Is ν 2 equivalent to the Hofer norm?
Question 33. Is ν 1 unbounded? Is ν 2 unbounded?
In this direction, using Givental's quasimorphism [13] , we prove the following statement.
Proposition 34. If M = CP n with the symplectic form 2 ω F S , where ω F S is the FubiniStudy form normalized so that [ω F S ], [CP 1 ] = 1, and P = RP 2n+1 with the standard contact form α st is its prequantization, then ν 2 on Ham(CP n ) is unbounded.
Proofs
We open this section with the following general result from [27, Proof of Theorem 1.3], which we refer to as Usher's trick. We remark that while Usher's trick is originally stated for compactly supported Hamiltonians on general symplectic manifolds, it works equally well for degree 1 R >0 -homogenous Hamiltonians on SN and their R >0 -equivariant flows. 
We require the following cut-off technique. For an interval I = (a, b) ⊂ R >0 and κ > 0, denote 
with flow {ψ I,δ t } satisfies the following properties.
Proof of Lemma 36. The proof of Property C1 is simply the fact that for x ∈ I · N and t ∈ [0, 1], on ψ t (I · N 1 ) the Hamiltonian vector fields of H I,δ (t, x) and H(t, x) coincide, therefore ψ t (x) is a solution of the ODE defining the Hamiltonian flow of H I,δ with initial condition x ∈ I · N 1 . The conclusion follows by uniqueness of solutions to ODE.
The proof of Property C2 is that outside I δ · N 1 , where I δ = (e −δ a, e δ b), the cut-off λ
In the last inequality we used that ψ t is R >0 -equivariant and H t is R >0 -homogenous of degree 1, and noted that max I δ = e δ · max I.
Proof of Proposition 8. Assume that ψ displaces a compact subset A of SN. Let ψ be generated by the contact Hamiltonian H(t, x) with flow {ψ t }. Denote by H(t, x) its degree 1 homogenous lift to SN with flow {ψ t } the canonical lift of {ψ t } to SN. Apply Usher's trick (Propostion 35) to H(t, x) to obtain a degree 1 homogenous Hamiltonian K(t, x), satisfying Properties U1 and U2. The time-one map ψ = ψ 
Furthermore, by Properties C2 and U2 we estimate
whence by taking infima over contact Hamiltonians H(t, x) generating ψ and over δ > 0, we obtain 1 2 c α (A) ≤ |ψ| α .
Proof of Theorem A. Property (i) follows from the fact that for ψ ∈ G, the condition ψ = 1 N is equivalent to ψ = 1 SN , and the latter condition implies that ψ displaces a ball B ⊂ SN of positive Gromov radius c(B) > 0 and height h α (B) > 0, and hence by Proposition 8 we have
For property (ii) assume that φ is generated by contact Hamiltonian F t and ψ is generated by G t . We claim that φψ is generated by contact Hamiltonian H t with
Then taking infima first on the left-hand side and then on the right hand side finishes the proof. Note that the functional Then φψ is generated by the flow φ τ 1 (t) ψ τ 2 (t) . The contact Hamiltonian H t of this flow satisfies Property (iv) follows from the fact that if X t generates {φ t } with φ 1 = φ, then
Proof of Proposition 11. Since ψ is a uniform limit of continuous maps, it is continuous. Assume that φ = ψ. Then φψ −1 displaces a small closed ball B ⊂ N. By uniform convergence, this implies that ψ i ψ −1 displaces B for all i large enough. Therefore by Corollary 12
Proof of Proposition 17. Our approach is based on [20, Exercise 7.2.E] (cf. [17] ) in the Hamiltonian case. Arguing up to ε, there is no loss of generality for the purposes of this argument in assuming that the autonomous vector field in the neighbourhood U = [(−ǫ, ǫ)] × S 1 for small ǫ > 0 of this curve is constant with respect to the stadard trivialization of the tangent bundle on T 2 . In this neigbourhood the prequantization can be trivialized as U × S 1 with the contact form α 1 = dθ + xdy, where x : (−ǫ, ǫ) → R, y : S 1 → S 1 are the standard coordinates, and θ : S 1 → S 1 the standard coordinate. Hence, over U the symplectization of P 1 trivializes as U × S 1 × R >0 with the symplectic form ω = d(r(dθ + xdy)) = dr ∧ dθ + d(rx) ∧ dy. Putting X = rx for a new coordinate, the symplectic form splits as ω = dr ∧ dθ + dX ∧ dy. Passing to universal covers we have P 1 | U = U × R, where U = (−ǫ, ǫ) × R and SP 1 | U = S( P 1 | U ) = U × R × R >0 with the symplectic form dr ∧ dθ + d(rx) ∧ dy = dr ∧ dθ + dX ∧ dy, where now θ : R → R, and y : R → R are the standard coordinates. For a small δ > 0, let
} ⊂ R × R >0 be a rectangle of capacity (area) t ′ in the (r, θ) half-plane. Note that in particular r ≥ δ on B ′ (t ′ ), and hence the image of U × B ′ (t) in the new coordinates (X, y, θ, r) contains the strip
Consider , where const(H| U ) > 0 is the Riemannian length of the Hamiltonian vector field of H| U with respect to the standard Riemannian metric on T 2 . We claim that
. Indeed, fixing t > 0, and any t ′ < 2c · t, let F (s, x) ∈ C ∞ (P 1 , R) be a contact Hamiltonian generating a strict contact flow (respectively contact flow in the class ψ t , respectively contact flow) {ψ where π : S( P 1 ) → P 1 is the natural projection, we obtain a compactly supported contactomorphism of P 1 with compactly supported Hamiltonian F λc satisfying
Moreover the lift ψ s F λc of the flow of F λc to S( P 1 ) displaces A(t ′ ). Hence, noting that h(A(t ′ )) < 1, by Proposition 8 we have
and hence first taking the infimum over all strict contact Hamiltonians F s generating ψ
and |ψ
Proof of Proposition 18. Assume ψ ∈ G \ H, and φ ∈ H. Let χ = ψ −1 ∈ G \ H. Then there exists a point x ∈ N with µ := max N λ −1
Consider the interval I = (µ −1/4 , µ 1/4 ). We claim that (φ)(ψ) −1 = (φ)(χ) displaces B(x)×I, and therefore denoting ε = 
This finishes the proof.
Proof of Propostion 21. Note that
where we use Properties (iii) and (iv) of Theorem A. Now
where H is a contact Hamiltonian with φ 
and in fact the infimum is achieved for b * (t) = (max H t +min H t ) which is a continuous function of t, and hence
Before we continue with the proof of Theorem B we recall some preliminary notions on Rabinowitz-Floer homology [1, 4, 2] and prove several useful auxiliary results.
Consider the exact strong symplectic filling (M, dβ), β| N = α of N. Denote by
the completion of (M, dβ) with a cylindrical end along N = ∂M. Note that SN embeds symplectically into W by the flow of the Liouville vector field L defined by ι L dβ = β, and that N is a hypersurface of restricted contact type in (W, dβ). 
Consider a compactly supported Hamiltonian
The compactly supported Hamiltonians we use are of the form H Proof of Lemma 2. We begin by recalling useful formulas from [1] . Let (x 0 , η 0 ) be a critical point of A
)} for the twisted loop space, and consider the diffeomorphism
given by 
w 2 (0) = Dφ −η 0 F +H ( w 2 (1)).
Noting that w 0 ∈ N 1 , we consider the splitting T w 0 (SN) ∼ = T w 0 SN ∼ = R R ⊕ R ∂ r ⊕ ξ w 0 , and write w 1 (t) = a 1 (t)R + b 1 (t)∂ r + w ξ 1 (t), w 2 (t) = a 2 (t)R + b 2 (t)∂ r + w Hence, for φ ∈ Ham(CP n ) and for any γ ∈ π 1 (Ham(CP n )), as µ G is homogenous and i(γ) ∈ Z( H) is a central element, we have µ G (i( φγ)) = µ G (i( φ)) + µ G (i(γ)) = µ G (i( φ)), and hence µ G (φ) := µ G (i( φ)) depends only on φ = π( φ) ∈ Ham(CP n ). Moreover |µ G | is unbounded on Ham(CP n ). Now Proposition 29 Item (iv) implies that for φ ∈ Ham(CP n ) with π( φ) = φ,
and hence |µ G (φ)| ≤ c 1 ν 2 (φ) + c 2 ,
as ν 2 (φ) = inf π( φ)=φ |i( φ)| α . This implies that ν 2 is unbounded, as required.
